Abstract-This paper investigates the multistage expansion planning problem of a distribution network considering reliability. Thus, the best alternative, location, and installation time for the candidate assets are identified while jointly accounting for economic and reliability aspects. As a major salient feature, the conventional simulation-based reliability assessment is equivalently implemented through algebraic expressions whereby the effect of the network topology is explicitly represented by decision variables of the optimization process. For expository purposes, the focus is placed on the expected energy not supplied, which is a widelyused metric for reliability assessment. The resulting optimization problem is cast as an instance of mixed-integer linear programming. Hence, unlike existing heuristic and metaheuristic solution techniques for reliability-constrained distribution system planning, the proposed approach is finitely convergent to the optimal solution and can be readily implemented using commercially available software. Simulation results show the effective performance of the proposed methodology.
anch of type l, load nodes at stage t, system nodes, and substation nodes.
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Width of block h of the piecewise linear energy losses for alternative k for branches of type l (A).
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Width of block h of the piecewise linear energy losses for alternative k for transformers of type tr (MVA). C
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Investment cost coefficient for alternative k for branches of type l ($/km). C I ,N T k
Investment cost coefficient for alternative k for new transformers ($). C I ,S S i
Investment cost coefficient for the substation at node i ($). C L b
Cost coefficient for energy losses in block b of the annual system load-duration curve ($/MWh). C C R Cost coefficient for the expected energy not supplied under branch outages ($/MWh). C
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Cost coefficient for the energy supplied by the substation at node i in block b of the annual system load-duration curve ($/MWh). C U Cost coefficient for load shedding ($/MWh).
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Actual nodal peak demand at node i and stage t (MVA). 
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Annual inflation-adjusted interest rate.
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Investment budget for stage t ($).
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Length of the branch connecting nodes i and j (km). M l kh
Slope of block h of the piecewise linear energy losses for alternative k for branches of type l (MW/km/A).
M tr kh
Slope of block h of the piecewise linear energy losses for alternative k for transformers of type tr (MW/A). Load level of block b of the annual system loadduration curve, which is expressed in percent of the annual system peak demand (%).
τ RP ij , τ S W ij
Durations of the repair-and-switching and switching-only interruptions associated with the failure of the branch connecting nodes i and j (h).
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Amortized investment cost at stage t ($). c 
Present value of the total cost ($). d U itb
Load shedding at node i, stage t, and block b of the annual system load-duration curve (MVA). d ist Demand at node i in the fictitious system under the operating condition corresponding to node s at stage t (MVA).
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Cost of the expected energy not supplied associated with branch outages at stage t ($). f l ij k tb Actual current flow through alternative k for the branch of type l connecting nodes i and j at stage t and block b of the annual system load-duration curve (A). f l ij sk t Current flow through alternative k for the branch of type l connecting nodes i and j of the fictitious system under the operating condition corresponding to node s at stage t (A). g tr ik tb
Actual injection at substation node i for alternative k for the transformer of type tr at stage t and block b of the annual system load-duration curve (MVA). g
S S ist
Injection at substation node i of the fictitious system under the operating condition corresponding to node s at stage t (MVA).
v itb
Voltage magnitude at node i, stage t, and block b of the annual system load-duration curve (V 
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ULTISTAGE distribution network expansion planning consists in determining the location, timing, and sizing of capital-intensive distribution assets such as branches, transformers, and substations to be installed in an existing distribution network so that the forecast demand growth is met over the long-term planning horizon in an economical and secure fashion [1] . The latter aspect is related to the notion of reliability, which is defined as the ability to continuously meet the electricity needs of end users with the required quantity and quality [2] . Therefore, the desired tradeoff between economics and reliability characterizing the optimal decision making requires the joint consideration of both aspects when using optimization models for distribution system planning.
Reliability is customarily incorporated in distribution system planning through the computation of standard reliability indices [2] - [10] and their associated costs. Thus, the resulting optimization process is driven by the minimization of a composite cost function comprising investment, operational, and reliability terms. Unfortunately, exact solution methodologies are currently unavailable for existing reliability-constrained distribution network expansion planning models [11] . This relevant methodological issue is a consequence of two factors, namely (i) the dependence of reliability indices on the network topology, which, in turn, is an outcome of the optimization, and (ii) the use of simulation for the computation of reliability indices in the absence of analytical expressions modeling reliability in terms of topology-related decision variables.
State-of-the-art approaches for reliability-constrained distribution network expansion planning thus rely on two broad categories of approximate methods. The first category comprises several metaheuristics [11] where a population of candidate topologies is iteratively handled. For each candidate topology, reliability is assessed through simulation. Hence, the impact of reliability on investment decisions drives the exploration of the search space without the method being able to acknowledge global optimality. An alternative two-step heuristic methodology was prescribed in [8] . First, an iterative algorithm based on standard mathematical programming was used to generate a pool of candidate topologies with no regard to reliability. Similar to the above-mentioned metaheuristics, for each candidate topology, reliability was assessed subsequently using simulation. As a result, topology-related decisions are decoupled from reliability, which may lead to suboptimal solutions. Hence, new approaches for the reliability-constrained distribution network expansion planning problem are yet to be explored.
Built upon [8] and [10] , this paper presents a new approach for the precise incorporation of reliability in distribution network expansion planning. As a major salient feature over previouslyreported approaches, the proposed model does not require the use of approximate solution methods. The key idea is the application of the findings of [10] , where equivalent algebraic expressions for reliability assessment of a given network topology were recently developed, to a reliability-constrained distribution network expansion planning problem based on that addressed in [8] . Two recent examples of a successful application of similar, albeit simpler, algebraic expressions for reliability assessment can be found in [12] and [13] , where different problems related to distribution system operation and planning were solved, respectively.
Here, the algebraic expressions of [10] are extended in a nontrivial way to account for the fact that, in a planning context, the network topology is not known a priori, being rather an outcome of the optimization process. Such an extension constitutes the main distinctive modeling aspect of this paper with respect to the reliability assessment model described in [10] .
Moreover, the proposed extension of the model presented in [10] is relevant since it allows the explicit consideration of reliability assessment as part of the expansion planning problem. Thus, from a modeling perspective, the resulting reliability-constrained planning formulation significantly differs from that in [8] , wherein reliability was implicitly characterized, i.e., no reliability-related mathematical expressions were included in the optimization problem. As another salient feature with respect to [8] , the proposed model is suitable not only for radial distribution networks, but also for meshed and radially-operated distribution networks. For the latter, reliability indices are computed for the radial operation topology determined by the optimization process for each planning period.
In addition, the paper substantially differs methodologically from [8] , wherein reliability was assessed by a simulation-based algorithm, thereby requiring the use of a heuristic solution approach for the original reliability-constrained planning model. Here, in contrast, the topology-dependent reliability assessment is explicitly formulated in terms of the decision variables of the proposed optimization problem, thereby permitting the exact solution of the resulting problem through the application of non-heuristic techniques.
The proposed model is formulated as a mixed-integer nonlinear program with nonlinearities related to (i) quadratic energy losses, and (ii) bilinear terms involving the products of decision variables. Such nonlinearities are recast as linear expressions by using well-known linearization schemes, namely a piecewise linear approximation for energy losses [14] and equivalent transformations for the bilinear terms based on disjunctive constraints [15] and integer algebra results [16] . The proposed solution approach yields a mixed-integer linear program for which, unlike the method applied in [8] , finite convergence to the optimum is guaranteed while providing a measure of the distance to optimality along the solution process [17] . Additionally, effective off-the-shelf software based on the branch-and-cut algorithm is readily available [18] .
The main contributions of this paper are twofold: 1) From a modeling perspective, a new formulation is presented for multistage distribution network expansion planning considering reliability. Unlike previously-reported works, the cost of reliability is explicitly expressed in terms of the decision variables of the resulting optimization problem, thereby enabling the use of non-heuristic tools with well-known properties in terms of solution quality and convergence. 2) From a methodological perspective, mixed-integer linear programming is proposed to jointly consider economic and reliability aspects in distribution network expansion planning. To the best of the authors' knowledge, the practical reliability-constrained planning model addressed in this paper is solved with guaranteed finite convergence to optimality for the first time. The superiority of the proposed method is backed by its computationally-effective ability to optimally solve cases for which a previouslyreported heuristic required longer computing times to identify suboptimal solutions. The remainder of this paper is organized as follows. Section II is devoted to the incorporation of reliability in distribution network expansion planning. Section III presents the formulation of the proposed model. In Section IV, numerical results are reported and analyzed. Finally, relevant conclusions are drawn in Section V.
II. MODELING RELIABILITY IN DISTRIBUTION NETWORK EXPANSION PLANNING
The reliability-constrained distribution network expansion planning problem aims to minimize the present value of the total cost c P V ,T over an n-dimensional vector of binary variables x and a vector of continuous variables y, both modeling investment and operational decisions whose feasibility is characterized by constrained functions, f (x, y). Mathematically, this general description can be stated as follows:
subject to:
The total cost minimized in (1) includes the investment cost; the operating cost, which comprises the costs of maintenance, production, energy losses, and load shedding; and the reliability cost. Investment and operating costs can be readily expressed in terms of x and y as c P V ,I −O (x, y). In contrast, the reliability cost is computed through several standard indices [2] - [9] for which no closed form in terms of decision variables x and y is currently available in the literature on distribution network expansion planning. In the absence of such analytical expressions, the reliability cost has been typically calculated through simulation, thereby preventing the application of exact methods to solve problem (1)-(3) [11] .
As described in Section III, the above shortcoming featured by conventional reliability-constrained distribution network expansion planning models is overcome here based on the findings of [10] , whereby reliability is explicitly characterized in terms of the decision variables of the optimization process. As a result, problem (1)- (3) is equivalently formulated in a compact way as follows:
where z is a new vector of variables relating topology decisions and reliability, c P V ,R (z) is a function explicitly representing the present value of the cost of reliability in terms of the newly added decision variables included in z, and g(x, z) is a new set of constrained functions modeling the relationship between x and z.
III. PROBLEM FORMULATION
This section presents the detailed formulation of problem (4)-(7) for a reliability-constrained distribution network expansion planning model based on that described in [8] . Thus, a radiallyoperated distribution system is considered, a multistage planning framework is adopted, an approximate lossless network model is used, the cost of losses is included in the objective function, and several investment alternatives exist for each asset. Moreover, as is customary in distribution system planning [8] , [9] , [13] , [19] - [21] , the seasonal or chronological aspect of demand is modeled by the discretization of the annual system load-duration curve into a set of blocks each characterized by its load level and its duration. Furthermore, for the sake of simplicity, such a system-wide demand characterization is applied on a nodal basis. As a consequence, the investment-and operation-related expressions described in the next sections are based on those presented in [8] , which also form the basis of recently-reported distribution planning models [9] , [21] .
As for reliability, the assessment discussed in [8] is equivalently implemented. Thus, the reliability assessment relies on the following practical assumptions, which are customarily adopted for the sake of tractability [8] - [10] , [22] - [26] : 1) Only sustained interruptions due to single branch outages are considered. Branch outages are characterized by failure rates and interruption durations. 2) A radially-operated distribution system is considered wherein each branch connected to a substation is equipped with a circuit breaker without a recloser at the output of the substation. Moreover, all branches are equipped with a switch that enables partial restoration [7] , i.e., the iso-lation of the part of the system downstream of the fault in order to meet the demand of the healthy portion of the system. Thus, once a sustained fault has occurred, the first circuit breaker upstream of the fault trips, thereby curtailing all downstream load demands. Subsequently, the system topology is reconfigured by operating switches and circuit breakers to reduce the non-supplied energy. To that end, the first switch upstream of the fault is opened in order to isolate the fault. Then the circuit breaker is closed so that the supply to all load demands between the circuit breaker and the switch is restored. Finally, once the isolated fault is cleared, the corresponding switch is closed and complete service is reestablished. Note that additional post-fault network reconfiguration via the operation of normally-open switches, i.e., tie switches, is disregarded. Load nodes are thus affected by interruptions of two types: (i) repair-and-switching interruptions, for which the supply is not restored until the damage is repaired, and (ii) switching-only interruptions, which are associated with the network reconfiguration implemented to clear a faulty component. In addition, it is worth emphasizing that, as a salient modeling aspect with respect to [8] , reliability is equivalently assessed through a novel formulation. Based on [10] , the proposed model comprises a set of algebraic expressions relying on the characterization of the operation of a fictitious system under different operating conditions. As highlighted in Section I, this distinctive modeling feature is relevant because it enables the application of mixed-integer linear programming, which is advantageous in terms of solution quality and computational behavior.
A. Objective Function and Cost-Related Terms
The aim of the proposed model is the minimization of the present value of the total cost, which, based on [8] , [9] , and [21] , is formulated as the following summation of three terms:
In the first term, the present worth value of the investment cost is represented under the assumption of a perpetual or infinite planning horizon [27] . The second term characterizes the present value of the sum of the operating cost and the reliability cost. Finally, in the third term, the present value of the sum of the operating cost and the reliability cost incurred after the last time stage is modeled. Note that such a term depends on the values of those costs at the last time stage while also assuming a perpetual planning horizon. The cost terms in (8) are formulated as follows:
where capital recovery rates are computed as
; and In (9), the amortized cost of investment at each stage is formulated as the sum of the costs associated with the replacement and addition of branches, the reinforcement and construction of substations, and the installation of new HV/MV transformers. In the absence of decision variables modeling the investment in protection devices, their installation costs are included in the investment cost coefficients for branches. Expressions (10) model the maintenance costs of branches and transformers at each stage. In (11), the total production cost at each stage is characterized as the sum of the production costs across substation nodes.
In (12) and (13), the costs of load shedding and reliability are modeled, respectively. As done in [8] , [9] , and [26] , such costs are jointly considered in the objective function (8).
Expressions (12) correspond to the penalty costs for load shedding under normal operation. Load shedding under normal operation, which is represented by decision variables d U itb , refers to the violations of the nodal balance equations for the intact expanded system, i.e., with no component out of service. The economic quantification of such levels of nodal imbalance is implemented by the cost coefficient C U . In contrast, expressions (13) model the reliability cost at each stage. As customarily done in the related literature [8] , [9] , [26] , reliability is represented by the expected energy not supplied, which is a well-known metric [3] , [5] - [8] that refers to the expected energy curtailment due to branch outages. It is worth mentioning that the economic quantification of this reliability metric is typically implemented by a regulation-dependent cost coefficient, C R , that may be different from the cost coefficient for load shedding under normal operation, C U . Note also that the proposed modeling framework is general enough to accommodate other standard reliability metrics [2] - [10] . For the sake of conciseness, details on such modeling capability have been omitted.
Finally, as done in [8] , [9] , and [21] , the costs of energy losses in branches and transformers are modeled in (14) by quadratic functions. Based on [14] , such nonlinearities are approximated by tangent lines, as also done in [8] , [9] , and [21] . Thus, expressions (14) are replaced with:
This approximation yields piecewise linear functions, which, for practical purposes, are indistinguishable from nonlinear models if enough segments are used. Expressions (15) represent the linearized costs of energy losses, while (16)- (17) and (18)-(19) model the piecewise linearization for energy losses in transformers and branches, respectively.
B. Kirchhoff's Laws and Operational Limits
System operation is modeled by the following constraints:
Constraints (20) limit nodal voltage magnitudes. Similarly, constraints (21)- (23) set the upper and lower bounds on flows and injections. Finally, the effect of the distribution network is characterized in (24)- (25) by a lossless linearized network model that was first proposed by Haffner et al. [19] and successfully applied in [8] , [9] , [20] , and [21] . As described in [19] , the linearized network model is an adapted version of the perunit dc model used for the transmission network that is based on three assumptions: (i) nodal voltages lie in a narrow range around the rated value used as base voltage, (ii) all per-unit branch current flows and nodal power injections have the same power factor, and (iii) the per-unit voltage drop across a branch is equal to the difference between the per-unit magnitudes of the nodal voltages at both ends of the branch.
As per assumption (i), per-unit values of nodal apparent power injections and nodal current injections are identical. Assumption (ii) allows representing per-unit branch current flows and nodal power injections, which are complex numbers, through their magnitudes. Hence, Kirchhoff's current law can be expressed as a set of linear scalar equalities in terms of per-unit magnitudes of branch current flows and nodal power injections, giving rise to nodal balance equations (24) . In addition, assumption (iii) allows formulating Kirchhoff's voltage law for each branch in use as a linear expression relating the per-unit magnitudes of branch current flows, nodal voltages, and branch impedances. Constraints (25) extend this result to account for the utilization state of all branches. Bearing in mind that nodal voltage magnitudes are decision variables of the optimization process, the proposed model provides an approximate characterization of the dependence of the actual nodal current demands on nodal voltages.
Note that constraints (25) include nonlinearities involving the products of binary variables, y l ij k t , and continuous variables, f l ij k tb and v itb , for which the following linear equivalent is formulated using the disjunctive-constraint-based transformation described in [15] : 
C. Investment and Utilization Constraints
The constraints associated with investment and utilization decisions are formulated as:
Constraints ( 
D. Reliability Constraints
In [10] , we showed that standard reliability indices can be expressed in terms of the durations of the so-called repairand-switching and switching-only interruptions affecting system nodes. Moreover, we also showed that, for a given radiallyoperated network topology, such durations can be equivalently computed through a set of binary-valued continuous variables representing the operation of a fictitious, topologically identical system. Here, we present the application of those findings to explicitly incorporate reliability in the mathematical formulation of reliability-constrained distribution network expansion planning. It should be noted that such an application requires not only extending the notation to represent investment alternatives and a multistage setting, but also the non-trivial modification of the expressions described in [10] to handle the lack of knowledge of the network topology along the planning horizon, which is an outcome of the optimization process. The proposed reliability constraints are formulated as follows:
According to [10] , the cost of the expected energy not supplied at each stage is modeled in (46) (8), (13) , and (46), the general term c P V ,R (z) in (4) corresponds to: (47)- (51) can be found in [10] , where essentially identical expressions were described, albeit with a simplified notation disregarding indices l, k, and t.
Based on [10] , variablesf l ij sk t model the per-unit branch current flows in a fictitious system with the same topology as the expanded network under a set of operating conditions, one per system node s, and considering a constant power factor across the network, as formulated in (52) The operating conditions for the fictitious system are characterized in (52)-(53) by decision variablesd ist . Thus, such conditions are different from those related to load levels under the normal state or contingency conditions, which are typically represented by parameters. Rather, the per-unit demand at node i and stage t under the operating condition associated with node s, d ist , is equal to 1 if i = s and node i is connected to other nodes, being 0 otherwise. Note that the connection of node i to other nodes is modeled in (52) through binary utilization variables y l ij k t . Constraints (54) represent the nodal balance equations for the fictitious system. Constraints (55) bound fictitious branch current flows using the corresponding binary utilization variables. Hence, as per (30) ist can only take two values, namely 0 and 1. Thus, similar to the fictitious current flows described in [10] , variablesf l ij sk t are useful for the purposes of reliability assessment. As a matter of fact, for a given network topology, i.e., for fixed values of y l ij k t , constraints (54)-(56) correspond to the expressions presented in [10] . Therefore, for further details on how fictitious branch current flows are used to model reliability, interested readers should refer to [10] .
The presence of variables y
E. Resulting Mixed-Integer Linear Program
The proposed mixed-integer linear program consists in the minimization of (8) subject to (9)- (13), (15)- (24), (26)- (48), (51)- (56), and (58)-(64). Table I provides the size of the resulting optimization problem in terms of the numbers of constraints, binary variables, and real variables.
Bearing in mind the main limitation featured by the approximate network model, namely the consideration of a constant power factor across the system, and the practical assumptions adopted for reliability assessment, we recognize that the use of the proposed model leads to results that may be optimistic and that a complete study would require the consideration of an ac network model and a more sophisticated reliability characterization including additional post-fault network reconfiguration and multiple outages. This generalization would, however, render the problem essentially intractable through optimization and would have to be solved by heuristics or repeated simulations. These modeling limitations notwithstanding, the solution of the proposed multistage reliability-constrained expansion planning problem is acceptable for distribution planning purposes and provides the planner with a first estimate of a cost-effective and reliable expansion scheme.
IV. NUMERICAL RESULTS
The proposed model has been applied to a 54-node test system based on that described in [9] . As shown in Fig. 1 , the system comprises 50 load nodes, 4 substation nodes, and 63 branches. For reproducibility purposes, system data can be downloaded from [28] , where base values for power and voltage are 1 MVA and 13.5 kV, respectively, and the currency used is U.S. dollars, hereinafter denoted by $. It should be noted that investment and maintenance cost coefficients are based on those provided in [8] and [9] . Analogously, the values of the cost coefficients for load shedding, energy losses, and the energy supplied by substations rely on those used in [8] . Moreover, according to [1] , the cost coefficient for the expected energy not supplied under branch outages, C R , is equal to $11200/MWh. As done in [8] , [13] , [20] , and [21] , three load levels, namely high, medium, and low, are considered. In addition, three blocks are used in the piecewise linearization for energy losses. Investment decisions are made over a 10-year planning horizon divided into yearly stages considering a 10% inflation-adjusted interest rate and an annual investment budget equal to $2 million. The performance of the proposed approach has been assessed with the heuristic presented in [8] . This method has been implemented to yield a pool of six inexpensive candidate expansion plans in terms of investment and operating costs. For each solution, reliability is computed ex post through a simulation-based algorithm equivalent to the proposed algebraic expressions. Simulations have been run on a Dell PowerEdge R920X64 with four Intel Xeon E7-4820 processors at 2.00 GHz and 768 GB of RAM using CPLEX 12.6 [18] and GAMS 24.7 [29] . For this case study, the proposed model, which comprises 241779 constraints, 3820 binary variables, and 226632 real variables, was solved to optimality, i.e., the optimality gap of CPLEX was set at 0%. The same stopping criterion was adopted for the executions of CPLEX required by the heuristic approach used for assessment purposes. Table II summarizes the economic results attained by both methods. The second column of this table lists the present values of the costs associated with the optimal solution to the proposed model. The same information is reported in columns 3-8 for the six expansion plans identified by the heuristic approach presented in [8] . As can be seen in Table II , jointly optimizing all costs yields a significant 9.0% cost reduction over the best solution determined by the heuristic approach, namely Plan 5. Such a cost savings is a consequence of the larger investment cost featured by the optimal solution, which substantially reduces the cost of reliability while slightly increasing the production cost. More specifically, the optimal solution involves the construction of two new substations, whereas each solution of the heuristic is characterized by the construction of one substation at most.
Figs. 2 and 3 respectively show the investment decisions and the topology associated with the optimal solution provided by the proposed approach and Plan 5 identified by the heuristic. As can be observed, the main difference arises at node 54, where the construction of a new substation is planned by the proposed approach as opposed to the heuristic. As a consequence, while new load nodes are fed by the newly built substation at node 54 at the optimal solution, such nodes are supplied by the existing substations at nodes 51 and 52 under the heuristic solution.
Table III presents cost information for each stage. As can be noted, for the proposed approach, the largest investment costs are incurred at stages 1 and 5, when the construction of two new substations is planned at nodes 54 and 53, respectively, including the installation of two new transformers at those nodes. For Plan 5, the largest investment is made at stage 6, when a substation and a transformer are built at node 53. In addition, for both solutions, the costs related to maintenance, production, losses, and reliability rise along the planning horizon due to the demand growth. As can also be seen, no load shedding is required by any solution.
The relevance of explicitly incorporating the reliability cost in the optimization process can be quantified by comparing the optimal solution provided by the proposed approach with the most inexpensive expansion plan disregarding reliability. It is worth mentioning that such a solution featuring the minimum value of the sum of investment and operating costs corresponds to Plan 1 identified by the heuristic. As can be observed in Table II , the optimal solution provided by the proposed approach is 6.8% more expensive than Plan 1 in terms of investment and operating costs while yielding a substantial 48.5% reduction in the reliability cost. Overall, a 10.6% reduction in the total cost is achieved, thereby clearly substantiating the advantage of the proposed approach. Fig. 4 shows the investment decisions and the topology for Plan 1. As can be seen, the absence of newly built substations in Plan 1 yields significant topological differences with respect to the optimal solution. Thus, new load nodes, which are fed by the two newly installed substations at the optimal solution, are supplied by the existing substations at nodes 51 and 52 in Plan 1. As another distinctive investment-related feature, no branch undergoes replacement at the optimal solution, whereas, for Plan 1, two branches are subject to replacement, namely branches 1-9 and 1-51.
Detailed cost information for Plan 1 is also presented in Table III . For this solution, the largest investment cost is incurred at stage 5, when a relatively larger number of branch-related expansion decisions are made, as shown in Fig. 4 . Similar to the optimal solution attained by the proposed approach and Plan 5, the costs related to maintenance, production, losses, and reliability rise along stages due to the demand growth, whereas no load shedding is required.
As for computational burden, the proposed approach attained optimality in 46.97 min. In contrast, the heuristic took 107.40 min to identify the pool of candidate solutions with individual computing times ranging between 0.45 min for Plan 1 and 51.64 min for Plan 6. Thus, the proposed approach substantially reduced the overall computational effort required by the heuristic by 56.3%.
This case study is also useful to substantiate the use of the approximate network model. In this regard, in Table IV, results for the injections at substations and the minimum nodal voltage magnitudes at the last time stage provided by the proposed Tables IV and V validate the accuracy of the approximate network model and are thus consistent with the experience reported by Haffner et al. [19] , [20] , who stated on page 922 of [19] : "In the networks that have been analyzed, mean errors in the magnitudes of nodal voltages obtained using this approximate model were adequate for the study objectives, when compared with the solution for load flow." Moreover, the quality of the piecewise linear approximation for energy losses has also been assessed by solving the problem with quadratic losses wherein binary investment and utilization variables were fixed to the values attained by the proposed mixed-integer linear program with a three-piece linearization. For this particular case study, the total cost only differs by 0.21%, thereby corroborating the appropriateness of the piecewise linear approximation in terms of solution quality.
Table VI presents the results from a sensitivity analysis corresponding to the application of a scaling factor to nodal peak TABLE V  ACCURACY OF THE APPROXIMATE NETWORK MODEL -ERROR STATISTICS FOR  RELEVANT MAGNITUDES AT THE LAST TIME STAGE   TABLE VI  ECONOMIC IMPACT OF THE SYSTEM LOADING CONDITION demands. The second column of this table lists the present value of the total cost obtained by the proposed approach for each value of the scaling factor. The same information is reported in columns 3-8 for the six expansion plans identified by the heuristic approach presented in [8] , where the best solution is highlighted. The last column reports the cost reductions attained by the proposed approach over the best solutions obtained by the heuristic. Note that the proposed approach yields significant cost savings ranging between 5.5% for a 50% scaling factor and 9.0% for a scaling factor equal to 100%. These results further corroborate the superiority of the proposed approach over the heuristic described in [8] .
Finally, Fig. 5 depicts the impact of the reliability cost coefficient, C R , on the investment cost. As can be seen, for values ranging between $0/MWh and $2800/MWh, the investment cost is constant, thereby revealing that the reliability cost has no influence on the expansion plan. For values of the cost coefficient between $2800/MWh and $4480/MWh, the investment cost abruptly grows. In contrast, the increase rate of this cost significantly declines for larger values of C R . This stabilization of the investment cost shows that such values of C R have a similar effect on the solution of the expansion planning problem.
V. CONCLUSION
This paper has presented a new model based on mixed-integer linear programming to incorporate reliability in the multistage distribution network expansion planning problem. Unlike existing methods based on metaheuristics and heuristics, the proposed tool allows the distribution planner to devise the optimal investment plan while jointly accounting for investment, operating, and reliability costs. To that end, the conventional simulation-based reliability assessment is equivalently characterized through a set of nonlinear equations based on the operation of a fictitious system under a set of conditions associated with each system node. The subsequent use of some well-known linearization schemes allows us to recast such equations as linear expressions, thereby giving rise to a mixed-integer linear program that is suitable for efficient off-the-shelf software.
The economic and computational benefits of co-optimizing the reliability cost with investment and operating costs have been illustrated with a case study based on a 54-node benchmark over a 10-year planning horizon. Moreover, numerical results reveal the superiority of the proposed approach over a previouslyreported heuristic.
The proposed modeling framework paves the way for the consideration of practical aspects such as distributed generation, which is currently underway, and multiple branch outages, which requires further research effort and numerical studies that will constitute part of our future work. Further work will also address the uncertainty associated with demand and renewablebased generation. Other interesting avenues of research are (i) the consideration of the recently-proposed convexifications of the ac network model, (ii) the extension of the model to account for additional post-fault network reconfiguration, the effect of the nonlinear dependence of the cost of the expected energy not supplied on interruption durations, and the installation of protection devices, and (iii) the calculation of reliability indices for meshed networks.
